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The spectrum of a system with multiple channels composed of two hadrons with nonzero
total momentum is determined in a finite cubic volume with periodic boundary conditions
using effective field theory methods. The results presented are accurate up to exponentially
suppressed corrections in the volume due to the finite range of hadronic interactions. The
formalism allows one to determine the phase shifts and mixing parameters of pipi − KK
isosinglet coupled channels directly from Lattice Quantum Chromodynamics. We show that
the extension to more than two channels is straightforward and present the result for three
channels. From the energy quantization condition, the volume dependence of electroweak
matrix elements of two-hadron processes is extracted. In the non-relativistic case, we pay
close attention to processes that mix the 1S0 − 3S1 two-nucleon states, e.g. proton-proton
fusion (pp → d + e+ + νe), and show how to determine the transition amplitude of such
processes directly from lattice QCD.
I. INTRODUCTION
Scattering processes in hadronic physics provide useful information about the properties of par-
ticles and their interactions. Some of these processes are well investigated in experiments with
reliable precision. However, there are interesting two-body hadronic processes whose experimental
determinations continue to pose challenges. They mainly include two-body hadronic scatterings
near or above the kinematic threshold with the possibility of the occurrence of resonances. Here we
discuss two pertinent cases in Quantum Chromodynamics (QCD), the first of which is the scalar
sector, whose nature is still puzzling (see for example Ref. [1] and references therein). While some
phenomenological models suggest the scalar resonances to be tetraquark states (as first proposed
by Jaffe [2]), others propose these to be weakly bound mesonic molecular states. The most famous
of which are the flavorless a0(980) and f0(980), that are considered to be candidates for a KK¯
molecular states [3–5]. In order to shine a light on the nature of these resonances, it would be nec-
essary to perform model-independent multi-channel calculations including the {pipi, pipipipi,KK¯, ηη}
scattering states directly from the underlying theory of QCD. In the baryonic sector, observations
of the strong attractive nature of the isosinglet K¯N scattering channel led to the postulation of
kaon condensation in dense nuclear matter [6]. However, extracting K¯N scattering parameters
is a rather challenging task, due to the presence of the Σpi scattering channel and the Λ (1405)
resonance below the K¯N threshold, see for example Ref. [7]. Previous chiral perturbation theory
calculations have found inconsistency between experimental determination of the K¯N scattering
length from scattering data and kaonic hydrogen level shifts [8–12], but as with any low-energy
effective field theory (EFT) calculation, there are unaccountable systematic errors associated with
the large number of unknown low-energy coefficients (LECs) needed to perform accurate calcula-
tions of multi-channel processes.
In addition to these strongly coupled scattering processes, there are weak processes involving
multi-hadron states that require further investigation. For instance, Lattice QCD (LQCD) calcu-
lations have recently shown further evidence of Ξ−Ξ− and ΛΛ (H-dibaryon) shallow bound states
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2[13–15]. This will certainly reignite experimental searches for evidences of these states. Among the
possible weak decays of the H-dibaryon include H → (nΛ, nΣ0, pΣ−, nn) [16]. In hyper-nuclear
physics, there has been much interest in a definitive determination of the contribution of non-
mesonic weak decays (ΛN → NN , ΛNN → NNN) to the overall decay of hyper-nuclei. In
particular, as discussed in Ref. [17] (and references therein), there was a long standing puzzle re-
garding the theoretical underestimation of the ratio of the decay widths Γ(Λn→ nn)/Γ(Λp→ np)
as compared to the experimental value. Certainly a great deal of progress has been made by meson-
exchange models in order to close this gap, however a model-independent calculation directly from
QCD would give further insight into the mechanism of these decays. These two cases illustrate
processes where it is necessary to evaluate weak matrix elements between multi-hadronic states.
Currently, LQCD provides the most reliable method for performing calculations of low-energy
QCD observables. LQCD calculations are necessarily performed in a Eucledian and finite spacetime
volume. Although the former forbids one to calculate the physical scattering amplitudes from their
Euclidean counterparts away from the kinematic threshold due to the Maiani-Testa theorem [18],
the latter is proven to be a useful tool in extracting the physical scattering quantities from lattice
calculations. In his prominent work, Lu¨scher showed how one can obtain the infinite volume
scattering phase shifts by calculating energy levels of interacting two-body systems in the finite
volume [19, 20]. The Lu¨scher method which was later generalized to the moving frames in Refs.
[21–23], is only applicable to scattering processes below the inelastic threshold. Therefore it cannot
be used near the inelastic threshold where new channels open up, and a generalized formalism has
to be developed to deal with the coupled (multi)-channel processes. A direct calculation of the near
threshold scattering quantities using LQCD can lead to the identification of resonances in QCD
such as those discussed above, and provide reliable predictions for their masses and their decay
widths. One such generalization was developed by Liu et al. in the context of quantum mechanical
two-body scattering [24, 25]. There, the authors have been able to deduce the relation between the
infinite volume coupled-channel S-matrix elements and the energy shifts of the interacting particles
in the finite volume by solving the coupled Schrodinger equation both in infinite volume and on
a torus. The idea is that as long as the exponential volume corrections are sufficiently small, the
polarization effects, as well as other field theory effects, are negligible. Therefore after replacing
the non-relativistic (NR) dispersion relations with their relativistic counterparts, the quantum
mechanical result of Liu et al. [24, 25] is speculated to be applicable to the massive field theory.
In another approach, Lage et al. considered a two-channel Lippman-Schwinger equation in a NR
effective field theory. They presented the mechanism for obtaining the K¯N scattering length,
and studying the nature of the Λ (1405) resonance from LQCD [26]. Later on, Bernard et al.
generalized this method to the relativistic EFT which would be applicable for coupled KK − pipi
channels [1]. Unitarized chiral perturbation theory provides another tool to study a variety of
resonances in the coupled-channel scatterings. This method uses the Bethe-Salpeter equation for
a coupled-channel system to dynamically generate the resonances in both light-meson sector and
meson-baryon sector in the infinite volume, see for example Refs. [4, 27–29]. When applied in the
finite volume, the volume-dependent discrete energy spectrum can be produced, and by fitting the
parameters of the chiral potential to the measured energy spectrum on the lattice, the resonances
can be located by solving the scattering equations in the infinite volume. This method has been
recently used to study the resonances f0(600), f0(980) and a0(980) in Refs. [30, 31], Λ(1405) in
Ref. [32], a1(1260) in Ref. [33], Λc(2595) in Ref. [34], and D
∗
s0(2317) in Ref. [35] in the finite
volume. One should note that in contrast with the single-channel scattering system, coupled-
channel scattering requires determination of three independent scattering parameters which would
require in the very least three measurements of the energy levels in the finite volume. As proposed
in Refs. [1, 30], one can impose twisted boundary conditions in the lattice calculation to be able
to increase the number of measurements by varying the twist angle and further constrain the
3scattering parameters. Another tool to circumvent this problem is the use of asymmetric lattices
as is investigated in Refs. [1, 30, 32]. Alternatively, one can perform calculations with different
boost momenta [32, 33].
The goal of this paper, as discussed in the following paragraphs, is two-fold. First, in section
II we present a model-independent fully relativistic framework for determining the finite volume
(FV) coupled-channel spectrum in a moving frame. Secondly, in section III we show how to extract
the matrix element of the current operator between two-hadron states directly from from a FV
calculation of the matrix elements, for both relativistic and NR processes. These two are small
stepping-stones towards one of the overarching goals of hadronic physics, which is to determine
properties of multi-hadron systems directly from the underlying theory of QCD.
This paper is structured as follows. In the first section we present the result for a scalar field
theory model, which illustrates all the features of the problem at hand and allows us to derive the
quantization condition (QC) for energy eigenvalues using a diagrammatic expansion. Although, in
deriving the QC for this toy model we make a series of approximations, it is shown that this result
is in perfect agreement with the exact QC which is obtained from the generalization of the work by
Kim et al. [22, 36]. In section II B, we derive the general form of the FV quantization condition for
N arbitrarily strongly coupled two-body states. This result has been independently derived and
confirmed in a parallel work by Hansen and Sharpe [37, 38]. In this paper, most of the emphasis
will be placed on the N=2 case, but the result for the N=3 case will be also explicitly shown.
After developing the FV coupled-channel formalism, we extend our work to be able to determine
electroweak matrix elements in the two-hadron sector. The formalism for extracting the physical
transition amplitude for K → pipi from the FV matrix elements of the weak Hamiltonian in the
finite volume, has been developed by Lellouch and Lu¨scher [39]. This former quantity has been
shown to be proportional to the latter at the leading order in the weak coupling, and the pro-
portionality factor (the LL factor), is shown to be related to the derivative of the pipi scattering
phase shift. The generalization of the LL factor to the moving frame is given in Refs. [22, 23, 36].
Ultimately, it would be desirable to calculate electroweak matrix elements of states containing an
arbitrary number of hadrons, but for the time being we restrict ourselves to the two-body sector.
Furthermore, we pay close attention to processes involving two nucleons. As is discussed in Ref.
[40], the weak disintegration of deuteron in processes such as νd → νpn and νed → nne+ is of
great importance in some neutrino experiments. These processes entail weak mixing between the
1S0−3S1 two-nucleon channels, and for energies below the pion-production threshold, the dynamics
of this system can be described using a pionless EFT (EFT( 6pi)) [41–43]. The result presented gives
a relation between the FV weak matrix element and the infinite volume LECs theat parametrize
the one-body and two-body weak axial-vector currents. In deriving the result it has been assumed
that the FV two-nucleon ground states predominantly described by NR S-wave phase shifts, and
we have also used degenerate perturbation theory in the derivation. Both of these are reasonable
approximations that will require further investigation to correctly access the size of the corrections.
II. MESON-MESON COUPLED CHANNELS
The goal of this section is to present the quantization condition for N coupled-channel system
in a moving frame. We present two independent ways to obtain the quantization condition desired.
In section II A, we present a toy model that illustrates the features of the problem at hand and
allows us to determine the scattering matrix using a diagrammatic expansion. In order to derive
the quantization condition using this approach, it is convenient to consider the case where the
parameter responsible for mixing two channels is small. However, as shown in section II B, the
result presented is in fact exact for an arbitrary mixing parameter.
4In section II B, we show how to obtain the quantization condition for N arbitrarily strongly
coupled two-body channels in a moving frame by solving the Bethe-Salpeter equation. This case
is the most relevant if we want to consider systems coupled via QCD interactions, e.g. the I = 0
system pipi → (KK¯, ηη)→ pipi.1
A. Toy problem: two weakly coupled two-meson channels in the moving frame
In this section, we consider a two-meson coupled system with total angular momentum equal
to zero. The two channels will be labeled I and II. In general the four mesons can have different
masses and quantum numbers, but for the time being we restrict ourselves to the case where two
mesons in each channel are identical. Using the “barred” parameterization [44], the time-reversal
invariant S-matrix describing this system can be written as
S2 =
(
ei2δI cos 2 iei(δI+δII) sin 2
iei(δI+δII) sin 2 ei2δII cos 2
)
, (1)
where δI and δII are the phase shifts corresponding to the scattering in channels I and II respec-
tively, and ¯ is a parameter which characterizes the mixing between the channels. The subscript 2
on S denotes the number of coupled channels.
At energies below the four-meson threshold, the dynamics of such system can be described by
a simple scalar effective field theory (EFT)
L =
∑
i=I,II
φ†i (∂
2 −m2i )φi −
(
φIφI
2
φIIφII
2
)†(
cI g/2
g/2 cII
)(
φIφI/2
φIIφII/2
)
+ · · · , (2)
where φi is the meson annihilation operator for the i
th channel, and ci and g are the LECs of the
theory. Ellipsis denotes higher derivative four-meson terms which will be neglected in this section.
Our goal is to determine the coupled-channel spectrum in a finite cubic volume with the periodic
boundary conditions (PBCs) that falls within the p-regime of LQCD [45, 46], defined by mpiL2pi  1
where mpi is the pion mass, and L is the spatial extent of the volume. In this regime, FV corrections
to the single-particle dressed propagator are exponentially suppressed [19], as are FV contributions
from t- and u-channel scattering diagrams [19, 20, 39]. The leading order (LO) volume effects in the
two-body sector arise from the presence of poles in the s-channel scattering diagrams. These lead
to power-law volume corrections to the two-particle spectrum [19, 20]. Therefore in the following
discussion we will restrict ourselves to the contribution of such diagrams to the scattering matrix
M, whoseMij matrix element corresponds to the scattering amplitude from the ith channel to the
jth channel. Certainly, the t (u)-channel diagrams contribute to the renormalization of the theory
and therefore to the definition of the LECs, but for energies below the four-particle threshold,
their FV effects are exponentially suppressed. It is convenient to redefine the LECs to absorb the
contributions from all diagrams with exponentially suppressed FV effects, such as those arising
from the t- and u-channel diagrams.
When considering momentum-independent interactions, the infinite volume loops contributing
to the s-channel diagrams are
G∞i ≡
i
2
∫
d4k
(2pi)4
1[
(k − P )2 −m2i + i
]
[k2 −m2i + i]
, (3)
1 It is important to mention that we are not making any claims about the relevance of the four-pion channel in the
light-scalar sector of QCD. At this point, it is not evident how to incorporate such states into the calculation,
therefore if one would choose to use the formalism presented here to study the light-scalar sector of QCD, there
will be an overall systematic error that must be accounted for through other means.
5FIG. 1. Shown are the diagrammatic representations of the full scattering amplitudes. Solid (dashed)
lines represent single particle propagators of the I (II) channel. The first two diagrams require the LECs
to reproduce the scattering amplitude for the I channel. The grey circle (diamond) is the full scattering
amplitude of the I (II) channel. The black dot denotes the effective coupling for the I channel, which
includes an infinite series of intermediate II bubble diagrams. There are two other diagrams for the II
channel that require the LECs to recoverMII,II and have not been shown. The third diagram ensures that
the mixing term g reproduces the off-diagonal scattering matrix elements.
where P = (E,P) is the total four-momentum of the system. It is straightforward to write down the
equations that {cI , cII , g}must simultaneously satisfy in order to reproduce theM-matrix elements
of the theory, similar to the approach of Ref. [47] in examining the role of ∆∆ intermediate states
in the 1S0 (nucleon-nucleon) NN scattering. These equations, which are diagrammatically shown
in Fig. (1), can be written as follows
c∗∞i = ci + g
2
∑
j 6=i
G∞j
1− c∗∞j G∞j
= − Mi,i
1−Mi,iG∞i
, (4)
g = − |MI,II |ei(δI+δII)(1− c∗∞I G∞I )(1− c∗∞II G∞II), (5)
where Mi,i is the full relativistic S-wave scattering amplitude for the ith channel, and MI,II is
the amplitude describing the mixing between the two channels. c∗∞i(j) is an effective coupling for
the i(j) channel, which includes an infinite series of intermediate j(i) bubble diagrams as shown
in Fig. (1). Solving these coupled equations leads to a renormalized theory and determines the
scale-dependence of the LECs.
Once this is done, one can study physics in a finite volume. In particular, we are interested
in the energy eigenvalues of the meson-meson system placed in a finite volume with the PBCs.
The spectrum can be determined by requiring the real part of the inverse of the FV scattering
amplitude to vanish.2 In a periodic volume, the integrals over the spatial momenta appearing in
Feynman diagrams are replaced by a sum over discretized three-momenta. In finite volume the
integral in Eq. (3) is replaced by
GVi ≡
i
2L3
∑
k
∫
dk0
2pi
1[
(k − P )2 −m2i + i
]
[k2 −m2i + i]
, (6)
2 One should note that using the notion of FV scattering amplitude is merely for the mathematical convenience. As
there is no asymptotic state by which one could define the scattering amplitude in a finite volume, one should in
principle look at the pole locations of the two-body correlation function. However, one can easily show that both
correlation function and the so-called FV scattering amplitude have the same pole structure, so we use the latter
for the sake of simpler representation.
6where the spatial momenta are quantized due to the PBCs k = 2pin/L for n ∈ Z3, while the
temporal extent of the Minkowski space remains infinite. This sum suffers from the same UV
divergence of Eq. (3), and the difference of the two, δGVi ≡ GVi −G∞i , is finite.
It is simplest to consider the case where the mixing coupling, g is small, and keep our expressions
to leading order in g. Using this and the definitions of the LECs in Eq. (4), the FV scattering
amplitude of the channel I can be written as
(MI,I)V ≈ iMI,I
1 +MI,IδGVI + δGVII |MI,II |
2ei2(δI+δII )
MI,I(1+MII,IIδGVII)
. (7)
Finally, we obtain the quantization condition for the coupled-channel problem at LO in the
mixing parameter
Re
{
|MI,II |2ei2(δI+δII) −
(
MI,I + 1
δGVI
)(
MII,II + 1
δGVII
)}
= 0, (8)
which is equivalent to the result of Ref. [37, 38].3 At this point we have refrained from using explicit
expressions for the FV integrals and scattering matrix elements; these details will be presented in
the following section. It is important to note that despite the simplicity of this toy model, it
illustrates all the features of the problem under the investigation, and as will be shown in the next
section, the result for the weakly coupled channels presented above is the same to the strongly
coupled case when only the S-wave contribution to the two-body scattering in the cubic lattice is
taken into account.
B. N strongly coupled two-body channels in a moving frame
In the previous section, the following assumptions have been made. First of all, the higher
order four-meson terms in the derivative expansion of the effective Lagrangian have been neglected.
Secondly, the scattering is restricted to two coupled channels composed of identical particles, and
only the S-wave scattering is considered. Most importantly, the mixing term was assumed to be
small in deriving the quantization condition. As mentioned earlier, the latter condition is the
most relevant when considering systems coupled via QCD interactions. In this section we will
simultaneously remove all of this assumptions.
Most of the details associated with generalizing to a moving frame have been developed by Kim
et al. [22, 36], which will be briefly reviewed here for completeness (see also Refs. [21, 23] for
alternative derivations). A system with total energy and momentum, E and P, in the laboratory
frame has a CM energy E∗ =
√
E2 −P2. For the ith channel with two mesons each having masses
mi,1 and mi,2, the CM relative momentum is
q∗2i =
1
4
(
E∗2 − 2(m2i,1 +m2i,2) +
(m2i,1 −m2i,2)2
E∗2
)
, (9)
which simplifies to E
∗2
4 −m2i when mi,1 = mi,2 = mi.
Because the S-matrix for the lth partial wave is a N-dimensional matrix, the scattering amplitude
is also necessarily a N-dimensional matrix. In order to have a fully relativistic result that holds for
3 Note that the FV loop function for channel i, Fi, defined in Eq. (24) of Ref. [37, 38] is equal to (−i) times the
FV loop function δGVi as defined in Eq. (12) below.
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FIG. 2. a) The fully-dressed FV two-particle propagator,MV can be written in a self-consistent way in terms
of the Bethe-Salpeter Kernel, K and the FV s-channel bubble GV . Note that the only difference between the
diagrammatic expansion of the scattering amplitude in the coupled-channel case and the single-channel case
is that now the amplitude, kernels and two-particle propagators should be promoted to matrices in the basis
of the channels that are kinematically allowed. b) Shown is the KI,I -component of the kernel, which sums
all s-channel two-particle irreducible diagrams for channel I. c) The fully dressed one-particle propagator is
the sum of all one-particle irreducible diagrams and is denoted by a black dot on the propagator lines.
all possible energies below four-particle threshold, the scattering amplitude must include all possible
diagrams, i.e. contributions from s-, t- and u-channels as well as self-energy corrections. Fig. 2(a)
depicts the FV analogue of the scattering amplitude, MV , for the special case of N = 2 channels.
This amplitude is written in a self-consistent way in terms of the Bethe-Salpeter kernel, K, which is
the sum of all s-channel two-particle irreducible diagrams, Fig. 2(b). For energies below the four-
particle threshold, the intermediate particles in the kernel and the self-energy diagrams, Fig. 2(c),
cannot go on-shell, and therefore these are exponentially close to their infinite-volume counterparts.
In fact, only in the s-channel diagrams can all intermediate particles be simultaneously put on-shell.
Having upgraded the kernel and the two-particle propagators to matrices in the space of open
channels, it is straightforward to obtain a non-perturbative quantization condition for the energy
levels of the system. It is important to note that the channels only mix by off-diagonal terms in the
kernel, which implies that in the absence of interactions a two-pion state continues to propagate
as a two-pion state. With this in mind, in the presence of momentum-dependent vertices Eq. (3)
is replaced by [
iGV (pa,pb)
]
ab
≡ ni
L3
∑
k
∫
dk0
2pi
[K(pa,k)]ai [K(k,pb)]ib
[(k − P )2 −m2i,1 + i][k2 −m2i,2 + i]
, (10)
where the subscripts a, i, b denote the initial, intermediate and final states, respectively, and ni is
1/2 if the particles in the ith loop are identical and 1 otherwise. The sum over all intermediate
states, and therefore index i is assumed. Since the FV corrections arise from the pole structure of
the intermediate two-particle propagator, one would expect that the difference between this loop
and the its infinite volume counterpart should depend on the on-shell momentum. The on-shell
condition fixes the magnitude of the momentum running through the kernels but not its direction.
Therefore it is convenient to decompose the product of the kernels into spherical harmonics. These
depend not only on the directionality of the intermediate momentum but also on those of the
incoming and outgoing momenta. Also, one may represent the N two-body propagators as a
diagonal matrix G = diag(G1,G2, · · · ,GN ) as depicted in Fig. 2(a). These are infinite-dimensional
8matrices with with matrix elements [22, 36]
(δGVi )l,m;l′,m′ ≡ (GVi −G∞i )l,m;l′,m′ = −i
(KδGVi K)l,m;l′,m′ , (11)
where
(δGVi )l1,m1;l2,m2 = i
q∗i ni
8piE∗
δl1,l2δm1,m2 + i4piq∗i
∑
l,m
√
4pi
q∗li
cPlm(q
∗2
i )
∫
dΩ∗Y ∗l1m1Y
∗
lmYl2m2
 ,
(12)
and the function cPlm is defined as
4
cPlm(x) =
1
γ
[
1
L3
∑
k
−P
∫
d3k
(2pi)3
] √
4piYlm(kˆ
∗) k∗l
k∗2 − x . (13)
P in this relation denotes the principal value of the integral, and k∗ = γ−1(k|| − αP) + k⊥, where
k|| (k⊥) denotes the component of momentum vector k that is parallel (perpendicular) to the boost
vector P, α = 12
[
1 +
m21−m22
E∗2
]
, E∗ is the CM energy of the system, E∗ =
√
q∗ +m21 +
√
q∗ +m22,
and the relativistic γ factor is defined by γ = E/E∗ [48–50]. This reduces to the NR value of
α = m1m1+m2 as is presented in Ref. [51]. Note that this result is equivalent to the NR limit of the
result obtained in Refs. [21–23] for the boosted systems of particles with identical masses.5
The generalization of the quantization conditions for N channels that are coupled via an arbi-
trarily strong interaction is now straightforward given such upgrading of the kernel, K, to not just
be a matrix over angular momentum but also over N channels as discussed before. The kernel is
assured to reproduce the infinite volume scattering matrix (M) by solving the following matrix
equation
iM = −iK − iKG∞K − iKG∞KG∞K + · · · = −iK 1
1− G∞K ⇒ K = −M
1
1− G∞M . (14)
With this definition of the kernel, one can proceed to evaluate poles of the N-channels FV scattering
matrix by replacing the infinite volume loops G∞ with their FV GV counterparts,
− iMV = −iK − iKGVK − iGVKGVK + · · · = −iK 1
1− GVK (15)
= −i 1
1−MG∞M
1
1 + δGVM(1−MG
∞). (16)
Finally arriving at the quantization condition
Re{det(M−1 + δGV )} = Re{detoc [detpw [M−1 + δGV]]} = 0, (17)
where the determinant detoc is over the N open channels and the determinant detpw is over the
partial waves, and bothM and δGV functions are evaluated on the on-shell value of the momenta.
We have taken the real part of the determinant in Eq. (17), but as it will be shown shortly, this
determinant condition gives rise to only one single real condition for both single channel and two
coupled-channel cases with lmax = 0, so we omit the notion of the real part in the QC from now on.
4 Note that our definition of the cPlm function differs that of Ref. [22] by an overall sign.
5 The kinematic function cPlm(q
∗2
i ) can also be written in terms of the three-dimensional Zeta function, Zdlm,
cPlm(q
∗2) =
√
4pi
γL3
(
2pi
L
)l−2
Zdlm[1; (q∗L/2pi)2], Zdlm[s;x2] =
∑
r∈Pd
Yl,m(r)
(r2 − x2)s ,
where the sum is performed over Pd =
{
r ∈ R3 | r = γ−1(m|| − αd) +m⊥,m ∈ Z
}
, d is the normalized boost
vector d = PL/2pi, and α is defined above [48–50].
9For a general proof of the reality of quantization condition with any number of coupled channels
see Refs. [37, 38].
For N=1, one reproduces the result first obtained by Rummukainen and Gottlieb [21] and later
confirmed by Kim et al. [22] and Christ et al. [23] for the case of single-channel moving frame
two-particle systems as follows. First note that it is convenient to evaluate the determinant using
the spherical harmonic basis of δGV , Eq. (12), and the on-shell scattering amplitude Mi [22]
(Mi)l1,m1;l2,m2 = δl1,l2δm1,m2
8piE∗
niq∗i
e2iδ
(l)
i (q
∗
i ) − 1
2i
. (18)
If the two equal-mass meson interpolating operator is in the A+1 irreducible representation of the
cubic group, the energy eigenstates of the system have overlap with the l = 0, 4, 6, . . . angular
momentum states at zero total momentum, making the truncation at lmax = 0 a rather reasonable
approximation in the low-energy limit. When P 6= 0, the symmetry group is reduced, and at
low energies the l = 0 will mix with the l = 2 partial wave as well as with higher partial waves
[21]. For two mesons with different masses, the symmetry group is even further reduced in the
boosted frame, making the mixing to occur between l = 0 and l = 1 states as well as with higher
angular momentum states [49]. An easy way to see the latter is to note that in contrast with the
case of degenerate masses, the kinematic function cPlm as defined in Eq. (13) is non-vanishing for
odd l when the masses are different. As a result even and odd angular momenta can mix in the
quantization condition. This however does not indicate that the spectrum of the system is not
invariant under parity. As long as all interactions between the particles are parity conserving, the
spectrum of the system and its parity transformed counterpart are the same. One should note
that the determinant condition, Eq. (17), guarantees this invariance: any mechanism, for example,
which takes an S-wave scattering state to an intermediate P-wave two-body state, would take it
back to the final S-wave scattering state, and the system ends up in the same parity state.6
Nevertheless, let us assume that the contributions from higher partial waves to the scatterings
are negligible, so that one can truncate the determinant over the angular momentum at lmax = 0.
Then the familiar quantization condition for the S-wave scattering,
q∗i cot(δ
0
i ) = 4pic
P
00(q
∗2
i ), (19)
is recovered. It is convenient to introduce a pseudo-phase defined by
q∗i cot(φ
P
i ) ≡ −4picP00(q∗2i ) (20)
to rewrite the quantization condition as
cot(δi) = − cot(φPi )⇒ δi + φPi = mpi, (21)
where m is an integer. In this form, the quantization condition is manifestly real.
For the N=2 case, the expression for the scattering amplitude in Eq. (18) is modified, as it
now depends on the mixing angle ¯, and the scattering matrix is no longer diagonal, while still
symmetric. By labeling the off-diagonal terms as MI,II , and using the definition of the S-matrix
for the coupled-channel system, Eq. (1), the scattering matrix elements can be written as
(Mi,i)l1,m1;l2,m2 = δl1,l2δm1,m2
8piE∗
niq∗i
cos(2¯)e2iδ
(l1)
i (q
∗
i ) − 1
2i
, (22)
(MI,II)l1,m1;l2,m2 = δl1,l2δm1,m2
8piE∗√
nInIIq∗Iq
∗
II
sin(2¯)
ei(δ
(l1)
I (q
∗
I )+δ
(l1)
II (q
∗
II))
2
, (23)
6 Note that under parity Zdlm → (−1)l Zdlm. Note also that under the interchange of particles Zdlm → (−1)l Zdlm, so
that for degenerate masses the cPlm functions vanish for odd l. This is expected since the parity transformation in
the CM frame is equivalent to the interchange of particles. However, as is explained above for the case of parity
transformation, despite the fact that δGV is not symmetric with respect to the particle masses, the quantization
condition is invariant under the interchange of the particles.
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where the usual relativistic normalization of the states is used in evaluating the S-matrix elements.
From Eq. (17) one obtains
det
(
1 + δGVI MI,I δGVI MI,II
δGVIIMI,II 1 + δGVIIMII,II
)
= 0, (24)
where the determinant is not only over the number of channels but also over angular momentum
which is left implicit. In deriving this result we have made no assumption about the relative size
of the scattering matrix elements, but when lmax = 0, we recover the LO result in Eq. (8). For
lmax = 0 one can use the pseudo-phase definition in Eq. (20) to rewrite the quantization condition
in a manifestly real form,
cos 2¯ cos
(
φP1 + δ1 − φP2 − δ2
)
= cos
(
φP1 + δ1 + φ
P
2 + δ2
)
, (25)
which is equivalent to the result given in Refs. [24, 25] in the CM frame.7 It is easy to see that
in the ¯→ 0 limit, one recovers the decoupled quantization conditions for both channels I and II,
Eq. (21).
The extension to a larger number of coupled channels is straightforward. As an example, we
consider the N=3 case. Unitarity as well as time-reversal invariance allow us to parametrize the
S-matrix using three phases shifts {δI , δII , δII} and three mixing angles {¯1, ¯2, ¯3}
S3 =
 ei2δI c1 iei(δI+δII)s1c3 iei(δI+δIII)s1s3iei(δI+δII)s1c2 ei2δII (c1c2c3 − s2s3) iei(δI+δIII) (c1c2s3 + s2c3)
iei(δI+δIII)s1s2 ie
i(δII+δIII) (c1s2c3 + c2s3) ie
i2δIII (c1s2s3 − c2c3)
 , (26)
where ci = cos(2¯i), si = sin(2¯i). Note that in the limit 2 = 3 = 0 the third channel decouples,
and one obtains a block diagonal matrix composed of S2 corresponding to the I − II coupled
channel, as well as a single element corresponding to the scattering in the uncoupled channel III.
The spectrum of three-coupled channel is obtained from
det
1 + δGVI MI,I δGVI MI,II δGVI MI,IIIδGVIIMII,I 1 + δGVIIMII,II δGVIIMII,III
δGVIIIMIII,I δGVIIIMIII,II 1 + δGVIIIMIII,III
 = 0, (27)
where the scattering matrix elements can be determined from Eq. (26) using the relationship
between the scattering amplitudes and the S-matrix elements,
(Mi,j)l1,m1;l2,m2 = δl1,l2δm1,m2
8piE∗√
ninjq∗i q
∗
j
(S
(l1)
3 )i,j − δi,j
2i
. (28)
III. TWO-BODY ELECTROWEAK MATRIX ELEMENTS IN A FINITE VOLUME
As discussed in the introduction, electroweak processes in the two-hadron sector of QCD en-
compass a variety of interesting processes, so it is desirable to calculate the electroweak matrix
elements directly from LQCD. One of the very first attempts to develop a formalism for such
processes from a FV Euclidean calculation is due to Lellouch and Lu¨scher. In their seminal work
[39], they restricted the analysis to K → pipi decay in the kaon’s rest frame, and showed that the
7 The agreement between Eq. (25) and Eq. (37) of Ref. [24] can be achieved by noting that the pseudo-phase φPi
as defined in Eq. (20) is equivalent to the negative ∆i as defined in Eq. (36) of Ref. [24]. On the other hand, the
mixing parameter  as defined in Eq. (1) is related to the mixing parameter η0 defined in Eq. (14) of Ref. [24]
through η0 = cos 2¯.
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absolute value of the transition matrix element in an Euclidian FV is proportional to the physical
transition matrix element. This proportionality factor is known as the LL-factor. This formalism
was then generalized to moving frames in Refs. [22, 23]. Here we present the generalization of
Lellouch and Lu¨scher formalism to processes where the initial and final states are composed of
two-hadron S-wave states. In the relativistic case, the coupled-channel result, Eq. (8), is used to
derived the 2→ 2 LL-factor for boosted systems, while the contributions from one-body currents to
the processes are neglected. In section III B we discuss a particular case, namely pp→ d+ e+ + νe,
where the one-body current is in fact the dominant contribution to the weak transition amplitude.
Using EFT( 6 pi), the relationship between the FV matrix element and the pertinent LECs of the
weak interaction is found. It is shown that in the presence of a one-body current, the FV and
infinite volume weak matrix elements are no longer proportional to one another. Nevertheless, the
infinite volume result can still be determined from the FV calculation of matrix elements upon
determining the LECs of the EFT describing the process as become evident shortly.
A. Relativistic 2-Body LL-Factor
In order to derive the relativistic two-body LL-factor, one first notes that in the absence of the
weak interaction, the two states decouple, and as a result the S-matrix becomes diagonal. As is
pointed out by Lellouch and Lu¨scher, there is a simple trick to obtain the desired relation between
infinite volume and FV matrix elements by assuming the initial and final states to be nearly
degenerate with energy E∗0 (each satisfying Eq. (21)) when there is no weak interaction. Once the
perturbative weak interaction is turned on, the degeneracy is lifted, and the energy eigenvalues are
E∗± = E
∗
0 ± V |MVI,II | ≡ E∗0 ±∆E∗, (29)
where MVI,II is the FV matrix element of the weak Hamiltonian density. Consequently, the CM
momenta and the scattering phase shifts acquire perturbative corrections of the form
∆q∗i =
1
4q∗i
(
E∗0 −
(m2i,1 −m2i,2)2
E∗30
)
V |MVI,II | ≡ ∆q˜∗i V |MVI,II |, (30)
and
∆δi(q
∗
i ) = δ
′
i(q
∗
i )∆q˜
∗
i V |MVI,II |, (31)
where δ′i(q
∗
i ) denotes the derivative of the phase shift with respect to the momentum evaluated at
the free CM momentum, and V = L3. The perturbed energy necessarily satisfies the quantization
condition, Eq. (24). The generalized LL-factor for 2 → 2 scattering is then obtained by Taylor
expanding Eq. (24) to leading order in the weak matrix element about the free energy solution,
|M∞I,II |2 = V 2
{
∆q˜∗I∆q˜
∗
II
(
8piE∗0
nIq∗I
)(
8piE∗0
nIIq∗II
)(
φPI
′
(q∗I ) + δ
′
I(q
∗
I )
)(
φPII
′
(q∗II) + δ
′
II(q
∗
II)
)}
|MVI,II |2,
(32)
where φPi
′
(q∗i ) denotes the derivative of the pseudo-phase with respect to the momentum evaluated
at the free CM momentum.
Note that we arrived at the generalization of the LL factor for two-body matrix elements using
the degeneracy of states argument. Lin et al. [52] showed that the LL-factor for K → pipi can
also be derived using the density of states in the large volume limit, and this argument was then
generalized by Kim et al. [22] to boosted systems. Here it will be shown that the result in Eq.
12
(32) is also consistent with the derivation based on the Kim et al.’s work. Let σi (x, t) be the
two-particle annihilation operator for the ith channel. Then the two particle correlation function
in FV can be written as
CVP,i (t) ≡
∫
d3x eiP·x 〈0|σi (x, t)σ†i (0, 0) |0〉V = V
∑
m
e−Emt |〈0|σ (0, 0) |i;P,m〉V |2
L→∞−→ V
∫
dEρV,i(E)e
−Et |〈0|σ (0, 0) |i;P, E〉V |2 , (33)
where a complete set of states is being inserted in the first equality. In the second equality, we have
introduced the density of states for the ith channel, ρV,i(E), which is defined as ρV,i(E) = dmi/dE.
Using Eqs. (21), (30) the density of states can be written as ρV,i(E
∗) =
(
φPi
′
(q∗i ) + δ
′
i(q
∗
i )
)
∆q˜∗i /pi.
In the infinite volume the two-particle correlation function is [52]
C∞P,i (t) =
ni
8pi2
∫
dE
q∗i
E∗
e−Et |〈0|σ (0, 0) |i;P, E〉∞|2 , (34)
where the factor of ni has been introduced to account for the double counting of the phase space
when the particles are identical. It is straightforward to show that this relation still holds when
the two particles have different masses. From Eqs. (33), (34) the relationship between the states
of infinite and asymptotically large (yet finite) volume can be deduced,
|i;P, E〉∞ ⇔ 2pi
√
2V ρV,iE∗0
niq∗i
|i;P, E〉V . (35)
This relation therefore recovers the LL-factor as given in Eq. (32). It also demonstrates that the
LL-factor accounts for different normalizations of the states in the finite volume and infinite volume
in the presence of interactions.
It is important to understand that this derivation strongly relies on the assumptions that there
are no one-body currents that mix the initial and final states. In reality most systems are sensitive
to one-body currents. In order to find a relation between the FV and infinite volume electroweak
matrix elements it is necessary to understand the contributions from the one-body currents. In
the following section we consider one pertinent problem and show that in fact one-body currents
introduce additional FV contributions.
B. Proton-proton fusion in EFT( 6pi)
In this section we discuss the weak interaction in the two-nucleon sector. This sector has been
previously studied by Detmold and Savage [40] in the finite volume. They considered a novel idea of
studying electroweak matrix elements using a background field. Since evaluating matrix elements of
electroweak currents between NN states, e.g. 〈d| Aµ |np〉, is naively one or two orders of magnitude
more difficult than performing NN four-point functions, they present a procedure for extracting the
relevant LECs of the pionless EFT, EFT( 6pi) [43], by calculating four-point functions of nucleons in
a finite volume in the presence of a background electroweak field. This would be a project worth
pursuing with great benefits, namely a five-point function is replaced by a four-point function,
thereby dramatically reducing the number of propagator contractions. For isovector quantities,
this procedure comes at a small cost, since for perturbatively small background fields, the QCD
generated gauge links get modified by a multiplicative factor that couples the valence quarks to
the external field, UQCDµ (x) → UQCDµ (x)U extµ (x). On the other hand, for isoscalar quantities this
approach would require the generation of gauge configurations in the presence of the background
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field. For both isovector and isoscalar quantities, one would need to perform calculations at a range
of background field strengths in order to precisely discern the contribution of the coupling between
the background field and the baryonic currents to the NN spectrum. Additionally, the nature
of this background field will differ depending on the physics one is interested in. Alternatively,
one can always evaluate matrix elements of electroweak currents with gauge configurations that
solely depend on the QCD action, which is the case considered here. With the improvement in the
computational resources available for LQCD calculations, the studies of nucleonic matrix elements
will become feasible shortly, and therefore their connection to the physical matrix elements should
be properly addressed.
The goal is to explore FV corrections of weak matrix elements in the two-nucleon sector. In
particular, we will consider the proton-proton fusion process, (pp→ d+ e+ + νe), which mixes the
1S0 − 3S1 channels. In order to do this calculation the mechanism of EFT(6pi) [41–43] will be used.
The methodology is similar to the one used for the toy problem considered in the first section,
except the fields are now non-relativistic and carry isospin and spin indices. The presence of a
weak interaction, leads to a contribution to the Lagrangian that couples the axial-vector current
Aµ=3 = 12
(
u¯γ3γ5u− d¯γ3γ5d) to an external weak current. In terms of the low-energy degrees
of freedom, the axial current will receive one-body and two-body contributions. At energies well
below the pion-production threshold, the EFT(6pi) Lagrangian density including weak interactions
can be written as [41–43, 53–55]
L = N †
(
i∂0 +
∇2
2M
− W3gA
2
σ3τ3
)
N − C(
1S0)
0
(
NTP a1N
)† (
NTP a1N
)
−C(
3S1)
0
(
NTP j3N
)† (
NTP j3N
)
− L1,AW3
[(
NTP 31N
)† (
NTP 33N
)
+ h.c.
]
+ · · · , (36)
where N is the nucleon annihilation operator with bare mass M , {C(
1S0)
0 , C
(3S1)
0 , gA, L1,A} are the
LECs of the theory, gA = 1.26 is the nucleon axial coupling constant, W3 is the external weak
current, and {P a1 , P j3 } are the standard {1S0, 3S1}-projection operators,
P a1 =
1√
8
τ2τ
aσ2, P
j
3 =
1√
8
τ2σ2σ
j , (37)
where τ (σ) are the Pauli matrices which act in isospin (spin) space. In Eq. (36) the ellipsis denotes
an infinite tower of higher order operators. The O(p2n)-operator for the {1S0, 3S1} state will have
corresponding LECs {C(
1S0)
2n , C
(3S1)
2n }, which are included in this calculation. In this section we
only consider NN systems in the S-wave channel. As discussed in section II B this introduces a
systematic error in FV systems that is negligible near the kinematic threshold.
At leading order, a weak transition between the isosinglet and isotriplet two-nucleon channels is
described by an insertion of the single body current (which is proportional to gA) and the bubble
chain of the C
(3S1)
0 and C
(1S0)
0 contact interactions on the corresponding nucleonics legs as discussed
in Ref. [56]. At next to leading order (NLO), the hadronic matrix element of pp→ d+e++νe receives
contributions from one insertion of the the C2p
2 operator along with one insertion of the single-body
operator proportional to gA [57]. At the same order, a single insertion of the two-body current
that is proportional to L1,A also contributes to the transition amplitude [55]. In both of these
contributions the dressing of the NN states with the corresponding bubble chain of the LO contact
interactions must be assumed. As is discussed in Ref. [55], the two-body contribution is estimated
to give rise to a few-percent correction to the hadronic matrix element, and its corresponding
LEC, L1A, is known to contribute to the elastic and inelastic neutrino-deuteron scattering cross
sections as well [53, 55]. Of course, the electromagnetism plays a crucial role in the initial state
interactions in the pp-fusion process, but as is shown in Refs. [55–57], the ladder QED diagrams
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can be summed up to all orders nonperturbatively. Since LQCD calculations of the matrix elements
of the axial-vector current involving two-nucleons would allow for a determination of L1,A, one will
achieve tighter theoretical constraints on the cross section of these processes. Furthermore, having
obtained the one-body and two-body LECs of the weak sector will allow for the determination of
the few-body weak observables.
In the absence of weak interactions, the on-shell scattering amplitude for both channels can be
determined exactly in terms of their corresponding LECs by performing a geometric series over all
the bubble diagrams [43]
M0 = −
∑∞
n=0C2nq
∗2n
1−G∞0
∑∞
n=0C2nq
∗2n , (38)
where the on-shell relative momentum in the CM frame is related to the total NR energy and
momentum of the two-nucleon system via, q∗ =
√
ME − 14P2, and G∞0 denotes the loop integral
G∞0 =
(µ
2
)4−D ∫ d3k
(2pi)3
1
E − k22M − (P−k)
2
2M + i
(39)
which is linearly divergent. In order to preserve Galilean invariance and maintain a sensible power-
counting scheme for NR theories with an unnaturally large scattering length, the power-divergence
subtraction (PDS) scheme is used to regularize the integral [41, 42, 58]. Using PDS, the integral
above becomes
G∞0 = −
M
4pi
(
µ+ i
√
ME −P2/4
)
= −M
4pi
(µ+ iq∗) , (40)
where µ is the renormalization scale. When the volume is finite, the integral above is replaced
by its FV counterpart, GV0 . It is straightforward to find the relation between the FV correction
δGV0 = G
V
0 −G∞0 and the NR version of the kinematic function cP00 defined in Eq. (13),
cP00(q
∗2) =
[
1
L3
∑
k
−P
∫
d3k
(2pi)3
]
1
(k− P2 )2 − q∗2
, (41)
where we have used the fact that for degenerate particles α that is defined after Eq. (13) is 12 , and
in the NR limit the relativistic factor γ is equal to one. One can arrive at the desired relation by
adding and subtracting the infinite volume two-particle propagator, Eq. (39), to GV0 . One of them
can be evaluated using PDS, Eq. (40), and the other one can be written in terms of a regularized
principle value integral, leading to
GV0 (E,P ) = −
M
4pi
µ− cP00(q∗2), (42)
therefore arriving at
δGV0 (E,P ) = =
M
4pi
(
q∗ cotφP + iq∗
)
, (43)
where we have used the pseudo-phase definition, Eq. (20).
The goal is to find a relation between the FV matrix elements of the axial-vector current and the
LECs that parametrize the weak interaction, namely {gA, L1,A}, following a procedure analogous
to section III A. The first step is to find the QC satisfied by the energy eigenvalues of the two-
nucleon system in presence of an external weak field as was also considered in Ref. [40].8 After
8 The main distinction between the result that will be obtained here and that of Ref. [40] is that we will consider
the case where the two-nucleon system has arbitrary momentum below inelastic thresholds, while Ref. [40] only
considered the two-nucleon system at rest.
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obtaining the QC for this theory, the trick by Lellouch and Lu¨scher [39] can be utilized to obtain an
expression for the FV weak matrix element. The main difference between the problem considered
here and the problem discussed in the previous section is that the dominant contribution to the
weak processes in the NN sector comes from the one-body current, namely the term proportional to
the axial charge in Lagrangian, Eq. (36). In fact this contribution modifies the nucleon propagator
and therefore the on-shell condition. To avoid complications associated with the modification of
external legs appearing in the FV analogue of the scattering amplitude, MV , we obtain the QC
for this system by looking at the pole structure of the NN correlation function in the presence of
the weak field. As before a 2 × 2 kernel K can be formed that incorporates the tree-level 2 → 2
transitions,
iK =
−i∑C(3S1)2n q∗2n −iL1,A
−iL1,A −i
∑
C
(1S0)
2n q
∗2n
 . (44)
The FV function GV can be still expressed as a 2× 2 matrix in the basis of channels, except it will
attain off-diagonal elements due to the presence of the single-body operator in contrast with the
the scalar sector studied before,
δGV =
 GV+ GV−
GV− GV+
 , (45)
where FV functions GV+ and G
V− are defined as
GV± =
M
2L3
∑
k
[
1
E − k22M − (P−k)
2
2M −W3gA
± 1
E − k22M − (P−k)
2
2M +W3gA
]
. (46)
Since we only aim to present the result up to NLO in the EFT expansion according to the power
counting discussed above, it suffices to keep only the LO terms in gA when expanding these FV
functions in powers of the weak coupling. Explicitly, GV+ = G
V
0 (E,P ) + O(W 23 g2A) where GV0 is
defined in Eq. (42), and GV− = W3gA GV1 (E,P ) +O(W 33 g3A) with
GV1 =
M
L3
∑
k
1
((k− p2 )2 − q∗2)2
. (47)
In order to form the NN correlation function, let us also introduce a diagonal matrix ANN ,
whose each diagonal element denotes the overlap between the two-nucleon interpolating operators in
either isosinglet or isotriplet channels and the vacuum. With theses ingredients, the NN correlation
function in the presence of the external weak field can be easily evaluated, as is diagrammatically
presented in Fig. (3). It is important to note that in evaluating the FV loops, one should pay
close attention to the pole structure of GV±, Eq. (46). In other words, the on-shell condition for
the free two-nucleon system is modified in the presence of the single-body weak current, namely,
q∗2 → q∗2 ± MW3gA. Then it is straightforward to show that after keeping only terms up to
O(C2q∗2W3gA,W3L1,A), the QC obtained from the pole structure of the NN correlation function
reads [
q∗ cot δ(
1S0) + q∗ cotφP
] [
q∗ cot δ(
3S1) + q∗ cotφP
]
=
[
4pi
M
W3L˜1,A +
4pi
M
W3gAG
V
1
]2
, (48)
where L˜1,A that is defined as
L˜1,A =
1
C
(3S1)
0 C
(1S0)
0
[
L1,A − gAM
2
(
C
(3S1)
2 + C
(1S0)
2
)]
, (49)
16
+...)( V V0
0
V
V)(
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0
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NN =
}
−iK
}
iGV
}
ANN
FIG. 3. Shown is the NN correlation function in the isosinglet (isotriplet) channel in the presence of an
external weak field. ANN denotes the overlap between the NN interpolating operators and the vacuum.
The two-dimensional kernel is denoted by K. The diagonal terms of the kernel correspond to the strong
part of the interactions, while off-diagonal terms depict contributions that arise from the weak interaction,
namely L1,A. Unlike the scalar sector considered before, the FV function, δGV , has diagonal and off-diagonal
contributions due to the presence of the single-body current.
is a renormalization scale independent quantity [40, 53–55]
µ
d
dµ
L˜1,A = 0. (50)
Before proceeding let us compare this result with the one presented in Ref. [40]. As discussed,
the authors of Ref. [40] have obtained the same quantization condition for two-nucleon systems in
the presence of an external weak field using a dibaryon formalism. The advantage of this formalism
is that the diagrammatic representation of the processes of interest are greatly simplified using an
auxiliary field with quantum numbers of two nucleons. In fact, the full di-nucleon propagator sums
up all 2→ 2 interactions nonperturbatively. In the QC presented in Ref. [40], the contributions of
the axial charge current to all orders have been kept, but as the higher order operators that con-
tribute to the weak transition have not been included in their calculation, their result is only valid
up to O(gAC2q∗2) [53–55]. In the dibaryon formalism, the two-body weak current is parametrized
by l1,A which is related to L˜1,A in this work via
9
l1,A =
16pi
M
L˜1,A. (51)
Using this relation between the LECs of both theories, and keeping in mind the order up to which
the resuslt of both calculations are valid, one will find agreement between the result presented in
Eq. (48) and that of Ref. [40] after setting the momentum of the CM to zero.
Having obtained the QC for this system, Eq. (48), it is straightforward to obtain the relationship
between the FV matrix elements of the Hamiltonian density and the LECs. In the absence of
weak interactions, the two NN states are degenerate with energy E∗0 and on-shell momentum q∗0,
satisfying the free quantization condition cot(φP ) = − cot(δ). As the weak interaction is turned on,
the degeneracy is lifted, leading to a shift in energy equal to ∆E∗ = V |MV1S0−3S1 |, where |MV1S0−3S1 |
is the FV matrix element of the Hamiltonian density between the 1S0 and
3S1 states. Note that
this matrix element is proportional to W3. Therefore it is convenient to define the purely hadronic
9 Note that Eq. (31) of Ref. [40] defines l1,A as
8pi
M
L˜1,A, but we suspect this discrepancy is only due to a typo in
their result.
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matrix element |MVW | = |MV1S0−3S1 |/W3 which is in fact what would be calculated via LQCD.
Expanding the Eq. (48) about the free energy, and keeping LO terms in the weak interaction, one
obtains(
MV
2
)2
csc2 δ(
1S0) csc2 δ(
3S1)
(
φ′ + δ(
1S0)′
)(
φ′ + δ(
3S1)′
)
|MVW |2 =
(
4pi
M
L˜1,A +
4pi
M
gAG
V
1
)2
.(52)
This result shows that in order to determine weak matrix elements in the NN sector, not only it is
necessary to determine the derivatives of the phase shifts in the 1S0 and
3S1 channels with respect
to the on-shell momenta, but also it is necessary to determine the nucleon axial coupling constant.
There is no clear crosscheck for this result, since it is not clear how to implement the density of
states approach for this problem. The presence of the one-body operator makes the mixing between
the two states non-trivial, therefore one would expect a more complicated relationship between the
FV and infinite volume states than the one predicted via the density of states approach. Although it
would be desirable to obtain a generalization of Lellouch and Lu¨scher’s result for 2→ 2 systems, this
example demonstrates that in the two-body sector, one-body currents lead to large FV corrections.
In principle, the FV matrix elements depend on the nature of the problem that is considered, and
each weak hadronic process must be separately studied.
IV. SUMMARY AND CONCLUSION
In this paper, we have presented and derived the FV quantization condition for a system of
multi-coupled channels each composed of two hadrons in a moving frame. In the second section, the
quantization condition at LO in mixing phase, Eq. (8) is derived for the S-wave scattering, where
a rather simple EFT toy model for scalar particles is used. Using the techniques developed by Kim
et al. [22], the quantization condition for the boosted systems with arbitrary mixing angles, Eq.
(17) has been obtained. It then became evident that the toy model used is in perfect agreement
with the nonperturbative result when the angular momenta is truncated at the S-wave. From
the generalized results, we have also derived the quantization condition for N=3 coupled channels
composed of two hadrons, Eq. (27). The advantage of this result is that it allows the lattice
practitioners to perform coupled-channel calculations at multiple boosted momenta in a periodic
volume, thereby increasing the number of measurements in order to best constrain the S-matrix
elements. When N=2, the S-matrix can be parametrized by three real parameters (two scattering
phase shifts and one mixing angle), therefore one needs to perform at least three measurements
at each CM momentum, which can be done by using combinations of different boost momenta
and different volumes. The N=3 case would require six measurements for each CM momentum to
constrain the three phase shifts and three mixing angles.
We have also derived the relationship between FV matrix elements and infinite volume matrix
elements in the two-body sector, Eq. (32). This was first calculated for K → pipi in the rest frame
by Lellouch and Lu¨scher [39], and later extended to the boosted system in Refs. [22, 23]. Here
we have shown two ways to obtain the extension of LL-factor for 2 → 2 relativistic processes.
The first entails expanding the coupled quantization, Eq. (8), about the free energy of the system
when the two channels are decoupled. This method assumes the two states to be degenerate in the
absence of the weak interaction, as was first developed by Lellouch and Lu¨scher [39]. Kim et al.
[22] generalized the method of [52] and derived the relationship between FV and infinite volume
two-particle states in the moving frame, Eq. (35), which has been shown to agree with our result
of the two-body relativistic LL-factor, Eq. (32). This derivation strongly depends on the fact that
the two channels only mix in the presence of two-body currents. In reality most systems are in
fact sensitive to one-body currents as well.
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We have used EFT( 6 pi) [41–43, 59, 60] to determine the extension of the LL-factor for NR
baryonic systems. In particular, we consider processes that mix the 1S0− 3S1 NN channels. This is
pertinent for performing calculations of proton-proton fusion, among other interesting processes,
directly from LQCD, [40]. The channels in this system are mixed not only by a two-body operator
but also by a one-body operator. As it is shown, FV effects arising from the insertion of a one-body
operator are sizable and therefore must be included. Unlike any previous case, the FV and infinite
volume weak matrix elements are not simply proportional to each other. The result demonstrates
that in fact the FV matrix element is proportional to a linear combination of the LO and NLO
LECs that parametrize the weak interactions in the NN sector, which can in turn be used to
constrain the proton-proton fusion transition amplitude at the few-percent level [54, 56, 57].
Acknowledgment
We would like to thank Martin J. Savage and William Detmold for fruitful discussions, and
for the feedback on the first manuscript of this paper. We also thank Stephen R. Sharpe and
Maxwell T. Hansen for useful conversations, and for communicating their results with us prior to
publication. RB and ZD were supported in part by the DOE grant DE-FG02-97ER41014.
[1] V. Bernard, M. Lage, U.-G. Meissner, and A. Rusetsky, JHEP 1101, 019 (2011), arXiv:1010.6018
[hep-lat]
[2] R. L. Jaffe, Phys. Rev. D15, 267 (1977)
[3] J. D. Weinstein and N. Isgur, Phys. Rev. Lett. 48, 659 (1982)
[4] J. A. Oller and E. Oset, Nucl. Phys. A620, 438 (1997), arXiv:hep-ph/9702314
[5] J. A. Oller, E. Oset, and J. R. Pelaez, Phys. Rev. Lett. 80, 3452 (1998), arXiv:hep-ph/9803242
[6] D. Kaplan and A. Nelson, Phys.Lett. B175, 57 (1986)
[7] M. J. Savage, Phys.Lett. B331, 411 (1994), arXiv:hep-ph/9404285 [hep-ph]
[8] U. G. Meissner, U. Raha, and A. Rusetsky, Eur.Phys.J. C35, 349 (2004), 9 pages, 3 postscript figures,
epj style. References added, minor revisions in the text, results unchanged Report-no: Preprint HISKP-
TH-04/01, arXiv:hep-ph/0402261 [hep-ph]
[9] B. Borasoy, R. Nissler, and W. Weise, Phys.Rev.Lett. 94, 213401 (2005), arXiv:hep-ph/0410305 [hep-
ph]
[10] J. A. Oller, Eur.Phys.J. A28, 63 (2006), arXiv:hep-ph/0603134 [hep-ph]
[11] B. Borasoy, U.-G. Meissner, and R. Nissler, Phys.Rev. C74, 055201 (2006), arXiv:hep-ph/0606108
[hep-ph]
[12] N. Kaiser, P. Siegel, and W. Weise, Nucl.Phys. A594, 325 (1995), arXiv:nucl-th/9505043 [nucl-th]
[13] S. R. Beane et al. (NPLQCD), Phys. Rev. Lett. 106, 162001 (2011), arXiv:1012.3812 [hep-lat]
[14] S. R. Beane et al. (NPLQCD Collaboration), Phys.Rev. D85, 054511 (2012), arXiv:1109.2889 [hep-lat]
[15] T. Inoue et al. (HAL QCD), Phys. Rev. Lett. 106, 162002 (2011), arXiv:1012.5928 [hep-lat]
[16] J. F. Donoghue, E. Golowich, and B. R. Holstein, Phys. Rev. D34, 3434 (1986)
[17] W. Alberico and G. Garbarino(2004), 59 pages, 13 figures Lectures given at the International School of
Physics Enrico Fermi Course on: HADRON PHYSICS, Varenna (Lake Como), June 22nd - July 2nd,
2004 Report-no: To-25-06-04, arXiv:nucl-th/0410059 [nucl-th]
[18] L. Maiani and M. Testa, Phys. Lett. B245, 585 (1990)
[19] M. Luscher, Commun.Math.Phys. 105, 153 (1986)
[20] M. Luscher, Nucl.Phys. B354, 531 (1991)
[21] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B450, 397 (1995), arXiv:hep-lat/9503028
[22] C. Kim, C. Sachrajda, and S. R. Sharpe, Nucl.Phys. B727, 218 (2005), arXiv:hep-lat/0507006 [hep-lat]
[23] N. H. Christ, C. Kim, and T. Yamazaki, Phys.Rev. D72, 114506 (2005), arXiv:hep-lat/0507009 [hep-lat]
[24] S. He, X. Feng, and C. Liu, JHEP 0507, 011 (2005), arXiv:hep-lat/0504019 [hep-lat]
[25] C. Liu, X. Feng, and S. He, Int.J.Mod.Phys. A21, 847 (2006), arXiv:hep-lat/0508022 [hep-lat]
19
[26] M. Lage, U.-G. Meissner, and A. Rusetsky, Phys.Lett. B681, 439 (2009), arXiv:0905.0069 [hep-lat]
[27] N. Kaiser, Eur.Phys.J. A3, 307 (1998)
[28] M. Locher, V. Markushin, and H. Zheng, Eur.Phys.J. C4, 317 (1998), arXiv:hep-ph/9705230 [hep-ph]
[29] E. Oset and A. Ramos, Nucl.Phys. A635, 99 (1998), arXiv:nucl-th/9711022 [nucl-th]
[30] M. Doring, U.-G. Meissner, E. Oset, and A. Rusetsky, Eur.Phys.J. A47, 139 (2011), 15 pages, 17
figures, arXiv:1107.3988 [hep-lat]
[31] E. Oset, M. Doring, U. Meissner, and A. Rusetsky(2011), arXiv:1108.3923 [hep-lat]
[32] A. Martinez Torres, M. Bayar, D. Jido, and E. Oset, Phys.Rev. C86, 055201 (2012), arXiv:1202.4297
[hep-lat]
[33] L. Roca and E. Oset, Phys.Rev. D85, 054507 (2012), arXiv:1201.0438 [hep-lat]
[34] J.-J. Xie and E. Oset, Eur.Phys.J. A48, 146 (2012), arXiv:1201.0149 [hep-ph]
[35] A. Martinez Torres, L. Dai, C. Koren, D. Jido, and E. Oset, Phys.Rev. D85, 014027 (2012), published
version, arXiv:1109.0396 [hep-lat]
[36] C. Kim, C. T. Sachrajda, and S. R. Sharpe, PoS LAT2005, 359 (2006), arXiv:hep-lat/0510022 [hep-lat]
[37] M. T. Hansen and S. R. Sharpe, Phys.Rev. D86, 016007 (2012), arXiv:1204.0826 [hep-lat]
[38] M. T. Hansen and S. R. Sharpe, PoS LATTICE2012, 127 (2012), arXiv:1211.0511 [hep-lat]
[39] L. Lellouch and M. Luscher, Commun.Math.Phys. 219, 31 (2001), arXiv:hep-lat/0003023 [hep-lat]
[40] W. Detmold and M. J. Savage, Nucl. Phys. A743, 170 (2004), arXiv:hep-lat/0403005
[41] D. B. Kaplan, M. J. Savage, and M. B. Wise, Phys. Lett. B424, 390 (1998), arXiv:nucl-th/9801034
[42] D. B. Kaplan, M. J. Savage, and M. B. Wise, Nucl. Phys. B534, 329 (1998), arXiv:nucl-th/9802075
[43] J.-W. Chen, G. Rupak, and M. J. Savage, Nucl. Phys. A653, 386 (1999), arXiv:nucl-th/9902056
[44] H. Stapp, T. Ypsilantis, and N. Metropolis, Phys.Rev. 105, 302 (1957)
[45] S. R. Beane, Phys. Rev. D70, 034507 (Aug 2004)
[46] S. R. Beane and M. J. Savage, Phys. Rev. D 70, 074029 (Oct 2004)
[47] M. J. Savage, Phys.Rev. C55, 2185 (1997), arXiv:nucl-th/9611022 [nucl-th]
[48] Z. Davoudi and M. J. Savage, Phys.Rev. D84, 114502 (2011), arXiv:1108.5371 [hep-lat]
[49] Z. Fu, Phys.Rev. D85, 014506 (2012), arXiv:1110.0319 [hep-lat]
[50] L. Leskovec and S. Prelovsek, Phys.Rev. D85, 114507 (2012), arXiv:1202.2145 [hep-lat]
[51] S. Bour, S. Koenig, D. Lee, H.-W. Hammer, and U.-G. Meissner, Phys.Rev. D84, 091503 (2011),
arXiv:1107.1272 [nucl-th]
[52] C. Lin, G. Martinelli, C. T. Sachrajda, and M. Testa, Nucl.Phys. B619, 467 (2001), arXiv:hep-
lat/0104006 [hep-lat]
[53] M. Butler and J.-W. Chen, Nucl.Phys. A675, 575 (2000), arXiv:nucl-th/9905059 [nucl-th]
[54] M. Butler, J.-W. Chen, and X. Kong, Phys.Rev. C63, 035501 (2001), arXiv:nucl-th/0008032 [nucl-th]
[55] M. Butler and J.-W. Chen, Phys.Lett. B520, 87 (2001), arXiv:nucl-th/0101017 [nucl-th]
[56] X. Kong and F. Ravndal, Nucl.Phys. A656, 421 (1999), arXiv:nucl-th/9902064 [nucl-th]
[57] X.-w. Kong and F. Ravndal, Phys.Lett. B470, 1 (1999), arXiv:nucl-th/9904066 [nucl-th]
[58] S. R. Beane, P. F. Bedaque, A. Parreno, and M. J. Savage, Phys. Lett. B585, 106 (2004), arXiv:hep-
lat/0312004
[59] D. B. Kaplan, Nucl. Phys. B494, 471 (1997), arXiv:nucl-th/9610052
[60] S. R. Beane and M. J. Savage, Nucl. Phys. A694, 511 (2001), arXiv:nucl-th/0011067
